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Abstract.

The Pythagorean equation is extended to higher dimensions via circulant matrices. This

form allows for the set of solutions to be expressed in a clean yet non-trivial way. The cubic

case, namely the the equation x
3 + y

3 + z
3
− 3xyz = 1, was studied by Ramanujan and

displays many interesting properties. The general case highlights the use of circulant matrices

and systems of differential equations. The structure of the solutions also allows parametrized

solutions of the Fermat equation in degrees 3 and 4 to be given in terms of theta functions.
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1 Introduction

It is well-known that the general integer solution to the Pythagorean equation

x2 + y2 = z2 (1)

is, allowing an interchange of x and y,

x = m2 − n2, y = 2mn, z = m2 + n2.

Properties of such triples, such as their connections to matrix generators and

Fibonacci numbers, add to this subject’s mystique; see Barbeau[1].
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A natural extension to (1) is not obvious. It is now well-known that the

Fermat equation xn + yn = zn with n ≥ 3 has no solutions in positive integers.

Other candidate equations, such as x2 + y2 + z2 = w2, have infinitely many

solutions:

(m2 − n2 − p2 + q2)2 + (2mn − 2pq)2 + (2mp + 2nq)2 = (m2 + n2 + p2 + q2)2.

The equation x3 + y3 + z3 = w3 — or equivalently x3 + y3 = z3 + w3 — has

a rich history (see Barbeau[1] and Dickson[7]). For example, Ramanujan found

that if a2 + ab + b2 = 3c2d, then

(a + cd2)3 + (bd + c)3 = (ad + c)3 + (b + cd2)3

Related are his “near misses” to the cubic Fermat equation[9, 10]: if

1 + 53x + 9x2

1 − 82x − 82x2 + x3
=

∞
∑

n=0

anxn,

2 − 26x − 12x2

1 − 82x − 82x2 + x3
=

∞
∑

n=0

bnxn,

2 + 8x − 10x2

1 − 82x − 82x2 + x3
=

∞
∑

n=0

cnxn,

then

a3
n + b3

n = c3
n + (−1)n.

Many other examples of Diophantine equations with infinitely many solutions

are listed by Barbeau. Showing that a set of solutions is complete is usually

much more challenging.

A natural extension of equation (1) should maintain properties of the original

equation as well as its solutions. Two obvious properties of this equation are

that it is homogeneous and all of its infinitely many solutions may be listed.

The Fermat equation fails on the second count, however, a lesson can be learned

here. A “naive approach”[14], extensively explored by Abel, Barlow, Germain

and Legendre, is to factor the Fermat equation when n is odd as

zn = xn + yn

= (x + y)(xn−1 − xn−2y + · · · − xyn−2 + yn−1)

2



A Diophantine equation which admits a clear linear factorization and has the

two desired properties is what is sought after here. This paper considers the

equation

Qn(x1, x2, . . . , xn) = sn (2)

where

Qn(x1, x2, . . . , xn) := det

















x1 x2 x3 · · · xn

xn x1 x2 · · · xn−1

...
...

...
. . .

...

x2 x3 x4 · · · x1

















Ramakrishnan[13] noted these determinants and their relation to the Lorentz

transformation. In Ungar[16] and Muldoon and Ungar[12], the structure of

circulant matrices is employed to offer natural extensions to the sin and cos

functions. Some of this same structure is witnessed in this paper. Focusing on

extending the Pythagorean equation, we shall see that equation (2) meets the

desired criteria for all n. Section 2 lets us find the rational solutions in the case

n = 3 before exploring the general case in Section 3. Section 4 considers other

representations for solutions.

2 The Cubic Equation

The cubic version of equation (2) is

s3 = det











x y z

z x y

y z x











= x3 + y3 + z3 − 3xyz

The function Q3(x, y, z) = x3+y3+z3−3xyz has arisen in various ways. Figure

1 displays the surface Q3(x, y, z) = 1. Ramanujan[2, p.21] showed that if

a = x2 + 2yz, b = y2 + 2zx, c = z2 + 2xy (3)
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Figure 1: The surface x3 + y3 + z3 − 3xyz = 1.

then

Q3(a, b, c) = (Q3(x, y, z))2.

On a different note, define x, y, z as functions of t:

x = 1 +
t3

3!
+

t6

6!
+ · · ·

y = t +
t4

4!
+

t7

7!
+ · · ·

z =
t2

2!
+

t5

5!
+

t8

8!
+ · · ·

This implies[15, 16]

Q3(x, y, z) = 1 (4)

for all t. The easy way to prove this uses the observation that x′ = z, y′ = x,

and z′ = y; the next section extends this for general n. A modified cubic version

of the next section’s main theorem may be expressed as follows.
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Theorem 2.1 The general rational solution of Q3(x, y, z) = s3, up to scaling,

is generated by

x = a3 − c3 − t3

y = b3 − a3 − t3

z = c3 − b3 − t3

s =
−3t

2
(a2 + b2 + c2)

where the rationals a, b, c, t satisfy the constraint a + b + c = 0.

Gilman[8] has investigated this problem as well. Manipulating this formula leads

to the following cute identity which is easily verifiable.

Corollary 2.1.1 If x + y + z = 0, then

(

4x3 − 2y3 − 2z3
)2

+
(

4y3 − 2z3 − 2x3
)2

+
(

4z3 − 2x3 − 2y3
)2

= 9(x2+y2+z2)3

This result is similar to those of Ramanujan[2, p.96], later generalized by Bhargava[3].

3 General Case

The extension to n dimensions involves the polynomials Qn defined as

Qn(x1, x2, . . . , xn) := det

















x1 x2 x3 · · · xn

xn x1 x2 · · · xn−1

...
...

...
. . .

...

x2 x3 x4 · · · x1

















Since this is a circulant matrix, namely

Qn(x1, . . . , xn) = det(circ(x1, . . . , xn)),

its eigenvalues are known[17], giving

Qn =
n
∏

j=1

n
∑

k=1

xkwkj
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where w is a primitive nth root of unity. Note that Qn is homogeneous of degree

n.

To find all rational solutions to the equation Qn(x1, x2, . . . , xn) = sn, we

begin with a lemma which highlights an important property of the polynomials

Qn. Throughout the following we define the auxiliary polynomial Rn as

Rn(x1, · · · , xn) :=
Qn(x1, · · · , xn)

x1 + · · · + xn

=
n−1
∏

j=1

n
∑

k=1

xkwkj

Note that Rn is homogeneous of degree n − 1.

Lemma 3.1 For any a,

Qn(y1 + a, . . . , yn + a) = Qn(y1, . . . , yn) + naRn(y1, . . . , yn)

Proof:

Qn(y1 + a, . . . , yn + a) = (y1 + · · · + yn + na) Rn(y1 + a, . . . , yn + a)

= (y1 + · · · + yn + na) Rn(y1, . . . , yn)

= Qn(y1, . . . , yn) + naRn(y1, . . . , yn)

The second equality makes repeated use of the identity 1 + w + · · ·+ wn−1 = 0

in each of the n − 1 factors of Rn. 2

For brevity, the notation Qn or Rn without explicit arguments will always

mean Qn(y1, · · · , yn) or Rn(y1, · · · , yn). The main theorem now follows.

Theorem 3.1 The general rational solution to Qn(x1, . . . , xn) = sn with s 6= 0

is given implicitly by

Qn (Qn − tn − nRny1, . . . , Qn − tn − nRnyn) = (−ntRn)n (5)

Proof: Let (x1, . . . , xn, s) be a different rational solution from (1, . . . , 1, 0). By

considering the line joining (x1, . . . , xn, s) to (1, . . . , 1, 0) in lRn+1, there exists
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integers y1, . . . , yn and t such that yk = (xk − 1)t/s. Since the two solutions

differ, this forces t 6= 0, hence

xk = 1 +
yks

t
.

Substituting this back into the Diophantine equation and using the lemma gives

sn = Qn

(

1 +
y1s

t
, . . . , 1 +

yns

t

)

= Qn

(y1s

t
, . . . ,

yns

t

)

+ nRn

(y1s

t
, . . . ,

yns

t

)

=
sn

tn
Qn + n

sn−1

tn−1
Rn.

Since s 6= 0, we have

s =
−tnRn

Qn − tn
.

Substituting this back into the equation and scaling each term by Qn− tn yields

the desired result. 2

The case n = 3 produces Theorem 2.1. To show this, first note that

R3 = y2
1 + y2

2 + y2
3 − y1y2 − y1y3 − y2y3

=
1

2

[

(y1 − y2)
2 + (y2 − y3)

2 + (y3 − y1)
2
]

Letting a = y2 − y1, b = y3 − y2 and c = y1 − y3, we have

x1 = Q3 − t3 − 3R3y1

= (y2 + y3 − 2y1)R3 − t3

= (y2 − y1)
3 − (y1 − y3)

3 − t3

= a3 − c3 − t3

Similarly, x2 = b3 − a3 − t3 and x3 = c3 − b3 − t3. The constraint a + b + c = 0

clearly holds.

Some distinctive structure can be seen in the general solution if one of the

x terms equals zero. Supposing xn = 0, this forces Qn − tn = nRnyn, hence

Qn (nRnyn − nRny1, . . . , nRnyn − nRnyn−1, 0) = (−ntRn)n
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Since s 6= 0, this forces Rn 6= 0 and one may factor out −nRn to yield

Qn (y1 − yn, . . . , yn−1 − yn, 0) = tn.

Lastly, equation (4) can be generalized as follows.

Theorem 3.2 Suppose xk, k = 1, . . . , n, are functions of t satisfying

x′

1 = x2, x′

2 = x3, . . . , x′

n = x1.

Then Qn(x1, . . . , xn) is a constant function in t.

Proof: For notational simplicity, let xn+1 = x1. Then

d

dt
Qn(x1, x2, . . . , xn) = Qn

n
∑

j=1

d
dt

(
∑n

k=1 xkwkj
)

∑n
k=1 xkwkj

= Qn

n
∑

j=1

∑n
k=1 xk+1w

kj

∑n
k=1 xkwkj

= Qn

n
∑

j=1

w−j
∑n

k=1 xk+1w
(k+1)j

∑n
k=1 xkwkj

= Qn

n
∑

j=1

w−j

= 0

2

The tie to infinite series is now immediate. Defining

xk :=

∞
∑

j=0

tk+jn

(k + jn)!
,

the conditions of Theorem 3.2 are met. Evaluating the functions xk at t = 0 lets

us conclude Qn(x1, . . . , xn) = 1 for all t. The special structure of this spacecurve

may be witnessed yet another way. Following the approach of Mikusinski[11],

one easily verifies that xk(t + s) satisfies the same differential equations. This

implies that there are coefficients αk,1, . . . , αk,n such that

xk(t + s) = αk,1x1(t) + · · · + αk,nxn(t)
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where the coefficients depend only on s. Differentiating r times with respect to

t then setting t = 0 gives

αk,j(s) = xk+j(s)

where the subscript k + j is taken modulo n to lie in [1, n]. Put together, we

have
















x1(t + s)

x2(t + s)
...

xn(t + s)

















=

















xn(s) xn−1(s) xn−2(s) · · · x1(s)

x1(s) xn(s) xn−1(s) · · · x2(s)
...

...
...

. . .
...

xn−1(s) xn−2(s) xn−3(s) · · · xn(s)

































x1(t)

x2(t)
...

xn(t)

















,

This semigroup-type structure will reappear in the next section. Although the

two-parameters on the right side suggest that a two-dimensional space of solu-

tions is generated, the left side confirms that points starting on the curve stay

there.

4 Real Solutions

While equation (5) was developed to generate rational solutions, one may replace

the parameters with real values to generate real solutions to Qn(x1, . . . , xn) =

sn. Geometrically, this produces an (n − 1)-dimensional surface in lRn. When

n is an odd prime, another nice representation for this surface is available.

Theorem 4.1 Let p be an odd prime and x1, x2, . . . , xp be implicitly defined as

polynomials in y1, y2, . . . , yp via the equation

x1w + x2w
2 + · · ·+ xp−1w

p−1 + xp = (y1w + y2w
2 + · · ·+ yp−1w

p−1 + yp)
p (6)

where w is a primitive pth root of unity. Then

Qp

(

x1

Qp(y1, y2, . . . , yp)
,

x2

Qp(y1, y2, . . . , yp)
, . . . ,

xp

Qp(y1, y2, . . . , yp)

)

= 1 (7)

The special case p = 3 yields

x1 = 3y2
1y2 + 3y2

2y3 + 3y2
3y1,
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x2 = 3y1y
2
2 + 3y2y

2
3 + 3y3y

2
1

x3 = y3
1 + y3

2 + y3
3 + 6y1y2y3,

The theorem produces the identity

(y3
1 + y3

2 + y3
3 + 6y1y2y3)

3 + 27(y2
1y2 + y2

2y3 + y2
3y1)

3 + 27(y1y
2
2 + y2y

2
3 + y3y

2
1)

3

= 27(y3
1 + y3

2 + y3
3 + 6y1y2y3)(y

2
1y2 + y2

2y3 + y2
3y1)(y1y

2
2 + y2y

2
3 + y3y

2
1)

+ (y3
1 + y3

2 + y3
3 − 3y1y2y3)

3

Proof: The definition given in equation (6) holds for any primitive pth root of

unity. Since p is prime, this forces

x1w
k+x2w

2k+· · ·+xp−1w
k(p−1)+xp = (y1w

k+y2w
2k +· · ·+yp−1w

k(p−1)+yp)
p

for k = 1, . . . , p − 1. Note that the multinomial expansion implies

xk =
∑

j1 + j2 + · · · + jp = p

j1 + 2 · j2 + · · · + p · jp ≡ k mod p

ji ≥ 0





p

j1 j2 · · · jp



 yj1
1 yj2

2 · · · yjp

p

This may be used to obtain

x1 + x2 + · · · + xp =
∑

j1 + j2 + · · · + jp = p

ji ≥ 0





p

j1 j2 · · · jp



 yj1
1 yj2

2 · · · yjp

p

= (y1 + y2 + · · · + yp)
p

Multiplying these equations together gives

Qp(x1, x2, · · · , xp) =

p−1
∏

j=0

p
∑

k=1

xkwkj

=

p−1
∏

j=0

(

p
∑

k=1

ykwkj

)p

= Qp(y1, y2, · · · , yp)
p
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This may be re-arranged to give the desired identity. 2

Unlike equation (5), rational solutions of Qn(x1, . . . , xn) = 1 are not neces-

sarily generated with rational y’s in equation (7). In the p = 3 case, divide by

y3
1 and let b = y2/y1 and c = y3/y1. This implies the solution of Q3(x, y, z) = 1

takes the form

x =
3(b + b2c + c2)

1 + b3 + c3 − 3bc

y =
3(b2 + bc2 + c)

1 + b3 + c3 − 3bc

z =
1 + b3 + c3 + 6bc

1 + b3 + c3 − 3bc

Note that while Q3(2/3, 1, 4/3) = 1, one finds the corresponding values of b and

c to be

c = β, b = −3β2 + 26β − 7

where β is a real root of Z3 − 9Z2 + 6Z − 1. It is routine to show that β cannot

be rational, therefore at least one of y1 or y3 is irrational.

Another important property of the polynomials Qn may be seen as follows.

Theorem 4.2 If Qn(x1, . . . , xn) = sn, Qn(y1, . . . , yn) = tn, and
















z1

z2

...

zn

















=

















x1 x2 x3 · · · xn

xn x1 x2 · · · xn−1

...
...

...
. . .

...

x2 x3 x4 · · · x1

































y1

y2

...

yn

















,

then Qn(z1, . . . , zn) = (st)n.

Proof:

Qn(z1, . . . , zn) = det(circ(z1, . . . , zn))

= det(circ(x1, . . . , xn)) det(circ(y1, . . . , yn))

= Qn(x1, . . . , xn)Qn(y1, . . . , yn)

= (sn)(tn)

= (st)n
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2

This theorem may be used immediately to deduce Ramanujan’s equation

(3): let n = 3, y1 = x1, y2 = x3 and y3 = x2. Theorem 4.2 may also be used to

give a new form for solutions to Qn(x1, . . . , xn) = sn, n = 3 or 4, in terms of

theta functions. In [5] and [6], it was shown that

a3(q) = b3(q) + c3(q)

where w = exp(2πi/3), −1 < q < 1 and

a(q) :=
∞
∑

m,n=−∞

qm2+mn+n2

,

b(q) :=

∞
∑

m,n=−∞

wm−nqm2+mn+n2

,

c(q) :=

∞
∑

m,n=−∞

q(m+1/3)2+(m+1/3)(n+1/3)+(n+1/3)2 .

Theorem 4.2 gives solutions to Q3(x1, x2, x3) = 1 as











x1

x2

x3











=











b(p)/a(p) c(p)/a(p) 0

0 b(p)/a(p) c(p)/a(p)

c(p)/a(p) 0 b(p)/a(p)





















b(q)/a(q)

c(q)/a(q)

0











=
1

a(p)a(q)











b(p)b(q) + c(p)c(q)

c(q)b(p)

b(q)c(p)











Similarly, the classical theta functions satisfy (see, for example, [4])

θ4
3(q) = θ4

4(q) + θ4
2(q)

where

θ2(q) :=

∞
∑

n=−∞

q(n+1/2)2 ,

θ3(q) :=
∞
∑

n=−∞

qn2

,
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θ4(q) :=

∞
∑

n=−∞

(−1)nqn2

.

Solutions to Q4(x1, x2, x3, x4) = 1 may now be represented as

















x1

x2

x3

x4

















=
1

θ3(p)θ3(q)θ3(r)

















θ4(p) θ2(p) 0 0

0 θ4(p) θ2(p) 0

0 0 θ4(p) θ2(p)

θ2(p) 0 0 θ4(p)

















×

















θ4(q) θ2(q) 0 0

0 θ4(q) θ2(q) 0

0 0 θ4(q) θ2(q)

θ2(q) 0 0 θ4(q)

































θ4(r)

θ2(r)

0

0
















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